Inversions of infinitely divisible distributions and 
conjugates of stochastic integral mappings 
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The dual of an infinitely divisible distribution on M. d without Gaussian part 
defined in Sato, ALEA 3 (2007), 67-110, is renamed to the inversion. Prop- 
erties and characterization of the inversion are given. A stochastic integral 
mapping is a mapping p, = p of p to p in the class of infinitely divisible 
distributions on R rf , where p is the distribution of an improper stochastic 
integral of a nonrandom function / with respect to a Levy process on M. d 
with distribution p at time 1. The concept of the conjugate is introduced 
for a class of stochastic integral mappings and its close connection with 
the inversion is shown. The domains and ranges of the conjugates of three 
two-parameter families of stochastic integral mappings are described. Ap- 
plications to the study of the limits of the ranges of iterations of stochastic 
integral mappings are made. 

KEY WORDS: Infinitely divisible distribution; inversion; stochastic integral 
mapping; conjugate; monotone of order p; increasing of order p; class L^. 
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1. Introduction 

Let ID = ID(M. d ) be the class of infinitely divisible distributions on the d- 
dimensional Euclidean space M. d . We use the Levy-Khintchine representation of the 
characteristic function p,(z) of pi G ID in the form 

/2(»=exp -\(z,A^z)+ I {e t{z ' x) -l-i(z,x)l { \ x \ <1} (x))v fM (dx)+i(j IJi , z) 



z e R u , 

where A^, v^, and 7 M are the Gaussian covariance matrix, the Levy measure, and 
the location parameter of pi, respectively. A measure v on IR d is the Levy measure of 
some pi G ID if and only if ^({0}) = and J Rd (|x| 2 A l)v{dx) < oo. The class of the 
triplets (A^, u^, 7 M ) represents the class ID one-to-one. If J^ <± Ix^^dx) < oo, then 
pi is said to have drift and fi(z) has expression 

jl(z) = exp\-±(z,A li z)+ / (e i{z ' x) - l)u„{dx) + i(tf,z) 

where 7° is called the drift of pi. If JL.^ \x\vn(dx) < 00, then pi has mean and 

-\{z,A„z)+ / (e i{z ' x) - 1 -i(z,x))uJdx) +i(m„,z) 



p,(z) = exp 

Conversely, if pi G ID has mean, then JL|>i ^W^idx) < 00. These are basic facts; see 
Sato [21J for proofs. Let ID = ID (R d ) be the class of pi G ID with A^ = 0. For any 
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subclass <£ of the class ID, let £ denote € C\ID . Sato [22], p. 85, introduced the dual 
// of \i G /-Do- But the naming of the dual of p is usually used for the distribution 
p that satisfies p(D) = p(--B) for B G S(M a! ), Borel sets in R d . So we call /i' the 
inversion of p in this paper. 

Definition 1.1. Let p G ID . A distribution p' G ID is the inversion of p if 

zy( 5 ) = / l B {i{x))\x\ 2 u^dx), BeB(R d ) (1.1) 

</R d \{0} 

7// = -7m+ / xu^dx), (1.2) 
y |*|=i 

where t(ar) = |x|~ 2 x, the geometric inversion of a point i£l d \ {0}. 

For any subclass € of /-Do, we will write <£.' for the class {//: p G £}. It is 
known that p" = p, that p' has drift if and only if p has mean, and that 7°, = — m M . 
Moreover, for < a < 2, p' is (2 — a)-stable if and only if p is a-stable; p' is strictly 
(2 — a)-stable if and only if p is strictly a-stable. These are shown in [25] . 

The main subject of our study is the analysis of improper stochastic integrals 
with respect to Levy processes. Let {X.\ : t ^ 0} be a Levy process on M. d such that 
C(x[ p ^), the distribution of x[ p \ equals p. Consider improper stochastic integrals 
with respect to {X^} in two cases. 

(1) Let < c ^ 00 and let f(s) be a locally square-integrable function on [0, c) 
(that is, J Q f(s) 2 ds < 00 for < q < c). Then the stochastic integral 
Jo f{ s )dxi P ^ is defined for < q < c for all p G ID. We say that the improper 
stochastic integral J Q ° f(s)dXs P ^ is definable if j Q q f{s)dX < f' > is convergent in 
probability (or almost surely, or in law, equivalently) as q t c. Let $/ be the 
mapping from p to $jp = £(/ c /(s)dXs ). Its domain £>($/) is the class 
{pelD: j c ~ f{s)dX ( s p) is definable}. 

(2) Let < c < 00 and let f(s) be a locally square-integrable function on (0,c]. 
Then f p c f(s)dXj? is defined for < p < c for all p G ID. We say that 

the improper stochastic integral j Q c + f(s)dX^ is definable if J c f(s)dX^ 
is convergent in probability (or almost surely, or in law, equivalently) as 
p \. 0. Let be the mapping from p to $/p = C(f Q c + f(s)dXs p ^) with 
S^) = { p eID: J Q C + f(s)dX { s p) is definable}. 
The range 9t($/) = {$/p: p G £>($/)} is a subclass of ID. In any of the cases (1) 
and (2), is called a stochastic integral mapping as in [22} [23J [25j [26] . If c < 00 and 
j c f{s) 2 ds < 00, then J c "/(s)dXi p) = / Q c + f{s)dX ( s p) = J Q C f{s)dX { s p) for all p G /D. 
The analysis of 2)(3>/) is rather complicated if = $/ x in case (1) with f\(s) x 
as s — >■ 00 (that is, there are positive constants c\ and C2 such that c\ ^ fi(s)s ^ C2 
for all large s) or if $j = $j 2 in case (2) with /^(s) x s -1 as s 1 0. This motivated us 
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to introduce the inversion (or the dual) in [25J in order to reduce the study of $/ 2 to 
that of More generally, let /i(s) and /^(s) be locally square-integrable on [0, oo) 
and on (0, c] with c < oo, respectively. It is found in [25] that if the behavior of 
fi(s) decreasing to as s — > oo and that of /^(s) increasing to oo as s j. have some 
"relation," then we can show that (S^/Jo)' = 2}($/ 2 )o, using the inversion. This 
"relation" exists if, with < a < 2, fi(s) x s~ 1/a as s -»■ oo and f 2 {s) x s ~ 1/(2 ~ q) 
as s I 0, or if log(l//i(s)) x s as s — > oo and /^(s) x s -1 / 2 as s j. 0. In these 
situations the study of D^fJ for J °° fi(s)dX^ is equivalent to that of D($/ 2 ) for 
Jo+ f2(s)dX ( s p) . But the relationship of fR($ fl ) and 9*($/ 2 ) is more delicate and it has 
not been studied so far. 

The range of a stochastic integral mapping first appeared with f(s) = e~ s 

in the representation of the class of selfdecomposable distributions by Wolfe |30j (see 
the historical notes in p. 55 of [2D])- Jurek [8] proposed the problem to find, for 
each limit theorem, a function / that describes the class of limit distributions for 
sequences of independent random variables as £H($/) (stochastic integral representa- 
tion). Barndorff-Nielsen, Maejima, and Sato [I] described as ?R(§f) some well-known 
subclasses of ID. On the other hand, starting from the mappings for some explic- 
itly given families of /, Sato [23] gave descriptions of 2)(<E>/) and £H($/). The two lines 
are intertwined and many studies have been made ( [3 El [HJ [9J [101 [121 H31 E3 I2S1 [26] 
etc.); thus numerous connections between stochastic integral mappings and subclasses 
of ID have been found. 

In this paper we continue to seek how to apply the inversion to the study of 
stochastic integral mappings. For the functions fi(s) and /^(s) above, we want to 
find in what situation we can say that (IH^/Jo)' = £H($/ 2 ) . For this purpose we 
will introduce the notion of the conjugate of a stochastic integral mapping. Most of 
the stochastic integral mappings $/ studied so far are such that f(s) is the inverse 
function of a function g(t) defined by a positive function h{u) as g(t) = f h{u)du for 
t G (a, b) with some a, b satisfying ^ a < b ^ oo. This situation drew attention 
in [5] and Section 7 of [25]; in the terminology of [5] this is T-transformation T 7 
corresponding to an absolutely continuous measure ^(du) = h(u)du. In defining the 
conjugate, we consider only this case (except in Section 5) and, writing g and / as 
gh and fh, let A h denote Under some condition, letting h*{u) = h{u^ v )u~ A 1 

we will define the conjugate = (Ah)* of as A^ = A^.. Then we will prove 
that [A* h )* = A h and that p e S5(A h ) and /i = A h p if and only if p' e £>(A* h ) and 
p! = A* h (p'). Thus (UK(A h ) Q )' = *R(A* h ) . Our next task is the study of A* h , !D(A£) , 
and 9l(A£)o for several explicitly given mappings A h . Specifically we will study $ P]Q 
and A 9)Q of Sato [26] and ^ a ,p of Maejima and Nakahara [13]; the definitions of these 
mappings will be given in Section 4. 
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The contents of the sections are as follows. Section 2 gives general properties and 
characterization of the inversion. Defining the dilation TJ,/i, b > 0, of a measure \i on 
R d as (T b n)(B) = J Rd l B (bx)fx(dx), B G B(R d ), we find the relation between dilation 
and inversion, which enables us to treat easily semistable distributions under the ac- 
tion of inversion. In Section 3 we introduce conjugates of stochastic integral mappings 
and show their relations with inversion. Here not only the usual improper stochas- 
tic integrals but also their extension called essentially definable and their restriction 
called absolutely definable introduced in Sato's papers are treated. Their definitions 
are recalled in Section 3. These extension and restriction are more manageable than 
$/ itself and give insight into the structure of £)($/) and Section 4 is devoted 

to explicit description of domains and ranges of the stochastic integral mappings $ PlQ! , 
A gcr , and \l/ Qj/ g and their conjugates. Further, in the case of the conjugate of A l a , 
a connection with the class L^* defined by a new kind of decomposability is given. 
The class L^ a >* is shown to be the class of inversions of L^ a ', where is the class 
of a-self decomposable distributions in Jurek j9j [TO] and Maejima and Ueda [16]. In 
particular, is the class of selfdecomposable distributions. The functions / treated 
in Section 3 are positive and strictly decreasing. Section 5 gives some results similar 
to Section 3 for $ f with a strictly decreasing function / taking positive and negative 
values both. Thus the class of inversions of type G distributions of Maejima and 
Rosihski [H] is treated. We make in Section 6 a study of ^Hoo(A^), the limit of the 
nested classes <K((A£) n ), n = 1, 2, . . .. It is shown that D^A^o = (^Hoo(A/ l ) ) / , which 
contributes to the study of the problem, treated in [T5| [27] and others, concerning 
what classes can appear as 9^ oc ($/) for general /. 

For Levy processes on M. d the weak version of Shtatland's theorem [29] concern- 
ing lim^o s~ 1 Xg pS) and the weak law of large numbers are obtained from each other 
through inversion. This remarkable application of the inversion will be given in an- 
other paper [28] . 

2. Properties and characterization of inversions 

First let us give a remark on the definition. In the two defining equations of the 
inversion of fi G ID® in Definition 11.1] the expression of f ll.2j) depends on the choice 
of the integrand in the Levy-Khint chine representation. If we define 7^ for fi G ID 
by the representation 



fi(z) = exp 




e i(z,x) _ ]_ _ 



i(z, x) 
l + \x\ 




(2.1) 



then (11. 2p is written as 7', 



-7» , since 

1 1 2 
\x\ x 




L 



\x\>l 



1+05 



X 



-v^idx). 
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Thus our definition of the inversion of /x is identical with the definition of the dual of 
/i in Sato [25]. If we define 7^ for /1 G /D by 

£0) = exp [ / (e*^ - 1 - x)l { | x |<i } (x))i/ M (da;) + 1(7*, z) 



(2.2) 

then fll.2p is expressed as 7^, = —7^ — xv^dx). If we define 7^ for /i G /-Do by 
£(2) =exp[ / (e i( "' 2;> -l-z(2;,a;)(l { | :l .| <1} (x) + |l { | :r | =1} (x))z/ M (rfx)+i(7j,z)j, (2.3) 
then (II. 2p is expressed as 7', = —7^. If we define 7^ for /i 6 J-Do by 

$(z) = exp [ f (e 1 ^ - 1 - i(z, x)c(x))u,(dx) + i< 7 J, z)] (2.4) 

with c(x) = l{\ x \<^i}(x) + |x| _1 l{| a; | > i}(x) as in Rajput and Rosinski [19] and Kwapieh 
and Woyczyhski [UJ, then (jl.2p is expressed as 7^, = —7^ + Jj a ,| <1 \x\xv^{dx) + 

i|s|>i 

Proposition 2.1. TTie inversion has the following properties. 

(i) y4ny /i G /Do inversion fi' G /D . 

(ii) TTie inversion of // equals fi, that is, ji" = \i. 

(iii) Jj^ |x| 2 - a zy (ete) = Jj^ |x|°z/ M (rfx) /or a G R. 

(iv) y! /ias dn/f zf and only if fi has mean. 

(v) If fi has mean, then 7°, = — m M . 

(vi) ///i and /i„, n = 1, 2, . . are in ID and \i n — > fi, then fi' n — > y! , where "— )■" 
denotes weak convergence. 

(vii) (/ii * fx 2 )' = Hi * /4 f° r ^2 e /D . 

(viii) (/i s )' = {n') s for \i G /D an/ s ^ 0, where fi s denotes the distribution with 
characteristic function (p(z)) s . 

(ix) If h = 5 C with c G M d , t/ien // = o~_ c , where 5 C denotes the 5 -distribution 
located at c G M d . 

Assertions (i)-(v) were already proved in [22], but here we repeat their proof for 
the convenience of readers. 



Proof of Proposition ^. 1\ Given /i G /D*o, let v^(B), B G B(W ), be the right-hand 
side of (lET]) . Then z/ tt ({0}) = and 



/i(<-(a;))|a;| 2 f Al (/a;) 



(2.5) 



for any nonnegative measurable function h(x). Thus /^(M 2 A l)u^(dx) = Ld{\ x \ 2 A 
l)^ M (/a;). Hence, (i) is true. Moreover, it is readily proved that (12. 5 p is valid for any 
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M d -valued measurable function h(x) on M. d satisfying J \h(x)\v$(dx) = J \h(i(x))\ 
v^dx) < oo. To see (ii), note that 



x\ 



u^(B) = I l B (i(x))\xW,(dx) =u„{B) 

from (I2.5P and that 



7m" = ~ln' + / xu^(dx) = 7^ - / xu^dx) + / xu^(dx) = 7^. 

7|x|=l J|a:]=l </|:c|=l 

Assertion (iii) follows from A2.5P ; (iv) follows from (iii) with a = 1. If /i G J-D has drift, 
then 7° = 7^ - Jj a ,^ 1 xu^dx). If fi E ID has mean, then rrfy = 7 M + xv^dx). 
Hence we obtain (v) from (iv), noticing that 

1% = 7m' ~ / xv^idx) = -jp + / xv^dx) - / xv^dx) = -m 



J\x\^l J\x\=l J\x\^\ 

To prove (vi) we use the expression (12. ip in order to apply Theorem 8.7 of 
We write / G Cj if / is a bounded continuous function from M. d to R vanishing 
on a neighborhood of 0. Let \x and \x n be in /-Do- In order that \i n — > /i, it is 
necessary and sufficient that lim^oo J Rd f(x)u IM (dx) = J Rd f{x)v tl (dx) for / G Cj, 
lim^olimsup^^Jj^!^ |x| 2 z/^ n ((ix) = 0, and lim nH>00 7j n = 7J. Now, assume that 
/i n fi. Then, for / G C«, we have 



f(x)u (lli (dx)= / z/ Mn (da;)+ / /(t(ar))|a;| ^(tte) = Ii + J 2 , 

./|a:|<e </|a;|>£ 

where |ii| is bounded by ||/|| JLi <e \x\ 2 v,j, n {dx), and I2 tends to JLi^ /(i(x))|x| 2 z/ M (<i;r) 
as n — > 00 if e is chosen to satisfy JL. e v^idx) = 0. Hence, for / G Cj, 



f(x)u^ n (dx) -> y u lx (dx) = J /(x)iy(dx). 

Moreover, 7^ = - 7 J n -»■ -7J = 7 J„ and lim eW limsup^^ Jj xKe |x| 2 ^(da;) = 0, 
since Jj a; | <e |x| 2 z/^(<ix) = L^x/^nnidx). Therefore fj,' n — > //. The converse follows 
from this by using (ii). 

Since convolution induces addition in triplets, we have (vii). Since fi s has triplet 
(0, sz/^, 57^), we have (viii). To see (ix), note that if /x = <5 C , then ^(2) = e l ' c ' z \ so 
that 7/i = 7° = = c and use (v). □ 

Let us give some characterization of the inversion. 

Proposition 2.2. Suppose that \i \- > //Ms a mapping from ID into ID such that, 
for some a EM., 



v^{B) = I l B (L(x))\x\ a v^dx) for {IE ID Q and B EB(W). (2.6) 
Then a = 2. 
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Proof. Since oo > Jj a .| <1 {x^v^^dx) = f^ yl \x\ a 2 v ll {dx) for all fi G ID , we have a ^ 
2. Since oo > j^ >1 v^(dx) = Juj^ for all G /-Do, we have a ^ 2. □ 

In the following proposition let J-D 0c denote the class of fi G J-D with having 
compact support in R d \ {0}, that is, satisfying ^({Ixj < a -1 }) = > a}) = 

for some a > 1. 

Proposition 2.3. Suppose that n \-¥ fj is a mapping from ID into ID satisfying 
the following conditions: 

(i) (12 .6p is true with a = 2; 

(ii) i$ = n for /i G ID ; 



(iii) there is k 6l swc/j t/iat, /or a// /i G ID 0c , 7 , = /cm 



"At > 



(iv) // and fx n , n = 1, 2, . . are m ID and fx n — > yU, t/ien — )■ /r. 
TTien k = —1 and /i" = /i' /or /i G I-D . 

Proof. If /i G /-Doc, then /x" G I-D 0c and yU and /r have drift and mean. If /i G /-D 0c , 
then the identity 7° t = km^ is written as 

7^ - / xv^ = k ( 7^ + / xv^dx) ) , 

./|x|$l V -/|:e|>1 / 

that is, 

7m» = + (fc + 1) / xv^dx) + / xu^(dx), 

J\x\>l J\x\=l 

since (I2.5P is true with i/^tt in place of v*. Hence, if yU G /-Do c , then 

T/jUB = fc 2 7/j + + 1) / xu^dx) + (k + 1) / xu^dx) + (k + 1) / xu^dx), 

J\x\>l J\x\=l J\x\<l 

which combined with condition (ii) says that 



(1 - k )7 M = k(k + 1) / xv^idx) + (k + 1) / xu^dx). 

J\x\>l J]^ 1 

This is absurd if 7^ — 1. Indeed, if fc 2 7^ 1, then this would mean that 



7m = r + n 2 ( fc / xv^dx) + I xv^dx) 



for all G /-Doc! if = 1, then this would mean that = 2 j^ d xv^{dx) for all 
/1 G LD 0c . Therefore /c = -1. Hence 7^ - Jj a ,| <1 swy (dx) = -7^ - jj a | >1 xv^dx), 
that is, 7„o = 7 M / for all yU G I-D 0c . Hence //" = // for all /x G I-D 0c . Approximating 
a general /i G J-D by /i n G ID 0c and using condition (iv) together with Proposition 
12.11 (vi), we obtain yu" = /i' for all /i G /.Do- D 

The dilation T^/i of a measure /i on M d is defined in Section 1. 
Proposition 2.4. Let 6 > 0. T/ien (T b /i)' = (T b -i{fi')) b2 for // G LD . 
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Proof. We have 



, J + b Ji<\ x \<b-i xu t*( dx ) if6<l ,_ 7 , 



Assume that 6 > 1. Then 



^^(5) = 6 2 ^ l 6B (6(x))|x| 2 z/ M (rfx) = 6 2 iy(&#) = 6 2 (T 6 -i(zv))(5), 
7(T bA1 )' = -7t 6A1 + b xv^dx) = -67^ + b xv^dx) 

= + b / xv ^(dx) = 6 2 7t 6 _ 1 ( m ')- 

«/x<]a;K6 

This proves the assertion for 6 > 1. This result and Proposition 12.11 (viii) yield the 
assertion for < b < 1. It is trivial for 6=1. □ 

Let < a ^ 2, 6 > 1, and /x G ID. We say that /i is a-semistable [resp. strictly 
a-semistable] with a span 6 if /i b< * = (T&/x) * <5 C for some c G M d [resp. fi ba = T b fi\. 
We say that /i is a-stable [resp. strictly a-stable] if, for all 6 > 1, \i is a-semistable 
[resp. strictly a-semistable] with a span 6. Thus any trivial distribution (that is, 
5-distribution) is a-stable for < a ^ 2. 

The following theorem gives further remarkable properties of the inversion. If fi 
is a-semistable with < a < 2, then /i G ID . Assertions (hi) and (iv) were shown 
in [25], but we will give a new proof. 

Theorem 2.5. Let < a < 2, b > 1, and fi G ID . 

(i) // zs (2 — a)-semistable with a span 6 z/ and onfo/ is a-semistable with a 
span 6. 

(ii) fi' is strictly (2 — a)-semistable with a span 6 if and only if fi is strictly a- 
semistable with a span b. 

(hi) fi' is (2 — a) -stable if and only if fi is a-stable. 

(iv) fi' is strictly (2 — a) -stable if and only if fi is strictly a-stable. 

Proof. In general we have, for 6, 6i,6 2 > 0, T b {fi\ * fi 2 ) = {Tbfii) * (T 6 /x 2 ), T b (fi s ) = 
(T b fi) s , T b2 (T bl fi) = T b2bl fi, and T b (5 c ) = 5 bc . Let us prove assertion (i). Let < a < 2 
and 6 > 1. Assume that fi is a-semistable with a span 6. Then fi b " = (T b fi) * 5 C , 
and hence (T b -ifi) ba — fi * 5 b -i c , that is, fi = (T b -ifi) ba * 8_ b -i c . This gives fi b " = 
(Tft-i/i) * 5^ b - a -i c . Now go to inversions and use Propositions 12.11 and 12.41 Then 
(fi') b ' a = (W)r 2 * <J 6 — i c . Hence (fi'f~ a = (T 6 (//)) * 6 b i- ac , and fi! is (2 - a)- 
semistable with a span 6. The converse is also proved from this, since fi" = fi. Thus 
(i) is true. Assertion (ii) is shown by letting c = in the argument above. Assertions 
(hi) and (iv) are automatic from (i) and (ii). Another proof of this theorem can 
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be given by using the characterization of Levy measures of (strictly) semistable and 
stable distributions in [21]. □ 



Any a-finite measure v on IR d with z/({0}) = has two decompositions. Let 
S = {£ g R d : |f | = 1}, the unit sphere in R d , and K° = (0, oo). (1) There are 
a a-finite measure A on S with X(S) ^ and a measurable family {z/g: f G S} of 
a-finite measures on with z^(IR+) > such that v(B) = f s A(<if) f RO ls(rf)^((ir), 

£> G B{R d ). The pair (A(<if ), z/g(czr)) is called a radial decomposition of v. It is unique 
in the sense that, if (A 1 ((if ), uj(dr)) and (A 2 (df ), v^(dr)) are both radial decomposi- 
tions of z/, then, for some positive, finite, measurable function c(f) on S, we have 
c(OA 2 (dO = AVO and z/f(dr) = c(£)f|(dr) for A x -a. e. f G S. (2) There are a 
a-finite measure z/ on Ri with Z'(IRI) ^ and a measurable family {A r : r G M^} of 
a-finite measures on S with X r (S) > such that v(B) = J RO v(dr) J 5 l^rf )A r ((if ), 
B G B(M. d ). The pair (v(dr), X r (d^ )) is called a spherical decomposition of z/. It is 
unique in a sense similar to in (1). See Sato |26| . pp. 27-28 for details. 

Example 2.6. Suppose that ji is 1-stable. Then // = //* <5-2 7m - Indeed, z/^ has a 
radial decomposition (X(d^),r~ 2 dr) and hence 

iy(B)= / A(de) / l B (r- 1 0rfr= / A(d£) / l£«K 2 cir = Vft (B) 
Js Js 1 ./r^. 

and 7 M / = -7^. Thus 



H'{z) = exp 



( e *(*.*> _ 1 _ i( Zj x)l { | x | <1} (x))i/ /i (dx) - i( 7m , z ) 



If 7^ = 0, then /x is self-inversion, that is, jj = /x. If ^ 0, then A 7^ and (r 2 dr, A) 
is a spherical decomposition of at the same time. 

Example 2.7. Let d — 1. Let /1 be Poisson distribution with mean m > 0. Then 
z/ M = m<5i and hence iy = = zy Thus /x' is translated Poisson distribution. 
Since /x has drift and mean m, /x' has mean and drift — m and /x' = /x * <5_ m . Note 
that /x * 5_ m /2 is self-inversion. 

3. Conjugates of stochastic integral mappings 

We introduce Condition (C) on a function h and define the conjugate of a sto- 
chastic integral mapping associated with a function h satisfying this condition. Then 
we give main results on the connection between the conjugate and the inversion. 

Definition 3.1. A function h is said to satisfy Condition (C) if there are ah and bh 
with ^ a h < bh ^ 00 such that h is defined on (a h ,b h ), positive, and measurable, 
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and at least one of the following is true: 

rbh 

/ h(u)u 2 du < oo, (3.1) 
/ h(u)du < oo. (3.2) 

Ja,h 

A function h satisfying Condition (C) with ( 13. ip [resp. ( 13. 2ft ] is said to satisfy (Ci) 
[resp. (C 2 )]. 

Definition 3.2. Let h be a function satisfying Condition (C). Define a function /i* 
as a h * = l/b h , bh* = 1/a^ (letting 1/0 = oo and l/oo = 0), and 

h*{u) = h(u- l )u-\ u e {a h *,b h *). (3.3) 

Proposition 3.3. If h satisfies Condition (C), then h* satisfies Condition (C). If 
h satisfies (Ci), then h* satisfies (C2). /jf /i satisfies (C2), ^en /i* satisfies (Ci). 
Moreover, (h*)* = h. 



Proof. Notice that 



6h 

h*{u)u 2 du = I h{u^ 1 )u~ A u 2 du = I h(v)dv, 

a h * J^/bh Ja K 

b h * r^/a-h rbh 

h*(u)du = / h{u~ 1 )u~ 4 'du = I h(v)v 2 dv. 

h* Jt/bh Ja h 

Then the assertions on h* follow from the properties of h. The relation (h*)* = h is 
obvious. □ 

For each function h(u) satisfying Condition (C), let 

/bh 
h(u)du, t e (a h ,b h ). (3.4) 

Then ghif) is a strictly decreasing, continuous function with Qhiph—) = 0. Let = 
g h {a h +). Define f h (s) as 

s = gh(t) with ah < t < bh t — fh(s) with < s < c^. 

Then /^(s) is a strictly decreasing, continuous function with fh(0+) = bh and 
/ft(cfc-) = and 

/ f h (s) 2 ds < 00, ue(0,c A ), (3.5) 

since 

'■Ch /"ah rfh(u) 

,2 .„ /.\ / UU\J.2 



fh(sYds = I t 2 dg h (t) = / /i(t)i 2 cit. 
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We have 



rch 

/ fh{s) 2 ds < oo if h satisfies (Ci), (3.6) 
Jo 

Ch < oo if h satisfies (C2). (3.7) 

Define a stochastic integral mapping $/ h as $/ in Section 1 with / = fa. Indeed, we 
have, for p G D(<3>/J, 

$ /h p = C Qf h fa{s)dX( p >J if h satisfies (d), 

= C \J h fa(s)dX^j if h satisfies (C 2 ), 

and 

$ fh p = C (J H f h (s)dX { s p) ^j if h satisfies (d) and (C 2 ). 

Definition 3.4. If /t is a function satisfying Condition (C), then is written as 
A h . We call the stochastic integral mapping A h * the conjugate of A h and write A^* 
as A* h . Thus A£ = A h * = $ /h „. 

Proposition 3.5. T7ie conjugate of A* h coincides with A^. 

Proof. This is a direct consequence of Proposition 13.31 □ 

In general, given a function /i satisfying Condition (C), we write a, 6, c, g, f, a*, 
&„, c*, g*, and /» for o fc , b h , c h , g h , fa, a h *, b h *, c h *, g h *, and fa*, respectively, if no 
confusion arises. 

In the study of a stochastic integral mapping $j it is important to use some 
extension and some restriction of $/, because they are more manageable than 
itself and give information on the structure of the domain and the range. Sup- 
pose that h satisfies (Ci) [resp. (C2)]. A distribution p G ID is in D(A^) if and 
only if J 9 log p(fa(s)z)ds [resp. f° h log p(fa(s)z)ds] is convergent as q t c h [resp. 
p 4- 0] for every z G M d ([23J, p. 51). We say that A^p is absolutely definable if 
Jq H I logp(//j(s)z)|ds < 00 for every z G M. d . We say that A^p is essentially definable 
if, for some Revalued function k on [0, Ch) [resp. (0, Ch]] and some Revalued ran- 
dom variable Y, /« fa(s)dX { s p) - k(q) [resp. P* A(s)dX s (p) - fc(p)] converges to F in 
probability as q f [resp. p 4- 0]. Define 

D°(A fe ) = {p G ID: A/jp is absolutely definable}, 
D c (Ah) = {p G ID: Ahp is essentially definable}, 
m°(A h ) = {p = A hP : peV°(A h )}, 

Ui e (A h ) = {p = £(F) : p G D e (A h ) and all k and F that can be chosen 
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in the definition of essential definability of A^p}. 

Then S°(A h ) C T>(A h ) C T> c (A h ) and ^°(A fc ) C <R{A h ) C <K c (A h ). The condition for 
p or p in ID to belong to these classes can be described in terms of their triplets (see 

[231 EHl EE]). 

Theorem 3.6. Let h be a function satisfying Condition (C). Consider A ^ and its 
conjugate A* h . Let p G LD . Then 

p G D(A h ) and A h p = p (3.8) 



if and only if 



Furthermore, 



p'G£(A*) and A* h p' — p! (3.9) 



(3.10) 
(3.11) 
(3.12) 
(3.13) 
(3.14) 
(3.15) 



£(A*) = 


(S(AOo)', 


® c (K)o = 


(® e (A,) )' 


S°(A*) = 


(»°(Aa)o)' 


»(ADo = 




^(AJDo = 


(^ C (A,) )' 


^°(A*) = 


(yt (A h ) y 



Proof. Step 1. Given p G LD , assume f 13 . 8 j) . Then, /i G /-Do- In order to prove (13. 9p . 
it is enough to show that 



ds (\f*( s ) x \ 2 A l)v p i(dx) < oo, (3.16) 
ly (fl) = / tZa / l B (/*(s)a;)zy (dx) for B G £(M rf \ {0}), (3.17) 

(3.18) 



lti> = / f*( s ) ds 



7 p / + / x(l{/»( s )| :e |^i} - l{\ x \ < iy)Up>(dx) 



(see Theorems 3.5 and 3.10 of [25J or Proposition 3.18 of [26]). It follows from (13.8 
that (I3.16p -( 13.18p hold for p, p, f(s), and c in place of p', p', /*(s), and c*. Thus 

Ufl (B) = f h(t)dt f l B (tx)v p (dx). 

J a JWL d 

Using (11. ip . we have 

v ,(B)= [ h(t)dt I l B (r l \x\- 2 x)t 2 \x\ 2 v p (dx) 



h(t)dt / \B(t~ l x)t 2 v p i(dx) = / h*{u)du I lB(ux)v p i(dx). 
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Hence (I3.17P is true. We have (13.161) from (13. 171) . since J(|a;| 2 A l)vpi(dx) < oo. 
Moreover, 



|z|=i 



v^dx) = ds l {fm=1} u p (dx) 



v p (dx) 



l {f{s)=\x\-^}ds - 0, 



as f(s) is strictly decreasing. Hence, from (11.21) and from ( 13. 18f) for p, 



7m' 



Hence 

7m' = 



-7m 



f{s)ds 



f{s)ds 



o+ 



7 P + / ^{/WMCi} - l{\x\4i})v p (dx) 



o+ 



l*l=i 



xv p ,{dx) - \ x(l {f{s)lxl -i <l} - l {W -i<c 1} )iy (ofe) 



f(s)ds 



o+ 

6- 
a+ 



th(t)dt 



uh*(u)du 



a* + 

e„ — 

0+ 

c*- 

0+ 



f*(s)ds 



f*(s)ds 



7p' 

7 P ' + / x(l { | x | > i} - l { \ x \ >f ( s ) } )v pl (dx) 

7 p /+ / ^(I^jb^ij - l{[a:[3»t})*V(dsc) 

7 P / + / x(l{\ x \>iy -l{\ x \ >u -iy)jSp>(dx) 

7 P / + / x(l{|a.|>i} - l-Cf.(»)|*>i>)*V (da?) 
7 P / + / x{l {Ms) \ x \ <1} -l { \ x \^ 1} )vp,(dx) 



Since 

0+ 



/»(s)da / \x\l {ft{s) \ x \ =1] v p >{dx) 



\x\v p i(dx) 



0+ 



/*( S ) 1 {/,(s)=|x|-i}^ = 



as /*(s) is strictly decreasing, we obtain ( 13. 18ft . Thus ( 13. 9 j) holds. That is, ( 13.8ft 
implies (13 ,9p . Now (13.9ft implies (13.8ft automatically, since we have p" = p, p" = p, 
and Proposition 13.31 We also obtain ( 13.10ft and ( 13.13ft . 

Step 2. Let us prove (13.111) and (13.14ft . Assume that p E S) e (A/ l ) . Let k and Y 
be those in the definition of essential definability. Let p = C(Y). Then p E ID and 
the analogue of ( 13.17ft for p holds. As in Step 1, we obtain ( 13.16ft and ( 13.17ft . Hence, 
by Theorem 3.6 of [25] or Proposition 3.18 of [26], p' E ® e {A* h ) . If h satisfies (C 2 ) 
[resp. (Ci)], then h* satisfies (Ci) [resp. (C 2 )], and we obtain p' E W(A%) from (l3~T7l) 
and Proposition 3.27 of [26] [resp. an analogue of Proposition 3.27 of [26] for the J Q C 
type integral in ID ]. Thus (13.1 ip and (13.141) are proved with = replaced by D. The 
converse inclusions automatically follow from this and (ii) of Proposition 12.11 Hence 
(13TTTD and <KWf are true. 
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Step 3. Let us prove fl3~T2"j) and (ETT5j) . Assume that p G 2)°(A/J . Then, by 
Proposition 2.3 of [23] or Proposition 3.18 of [26J, 



f{s)ds 



7p+ / ~~ l{|aj|<l})^p(c?^) 



< OO. 



The outer integral equals 

f*(s)ds 



7 P '+ / x(l {Ms )\ x \ <1} - l { \ xl< x } )up>(dx) 



by the same calculation as in Step 1. Since we already have (I3.16p . this shows that 
p' G D (A* h ) . Let p = A h p. Then p! = A* h p' by the result of Step 1. Hence 
p! G 9t°(A£). Hence (13.121) and (13.151) are proved with = replaced by D. Then the 
converse inclusions are automatic. □ 



In view of Theorem 13. 6[ the relations of the domains and the ranges of $/ with 
their restrictions to ID are of interest. 

Proposition 3.7. Let $/ be a stochastic integral mapping. Then the classes D, D e , 
D° , 9% Dl e , and of $/ are closed under convolution. 

Proof. For D and £H the assertion follows from the fact that if pi,p2 G then 
Pi * p 2 G £>($/) and $/(pi * P2) = (®fPi) * {^fP2)- It is in Propositions 3.18 and 3.20 
of [26] and their analogue for improper stochastic integrals of J Q C + type in Section 3 
of [25]. The other assertions are derived similarly. □ 

Let (3 2 = {p G ID : 2-stable} = {p G ID : Gaussian} and let ©° = {P 
6 2 : m p = 0}. 

Proposition 3.8. Let 6e as m (1) and (2) m Section 1. 



(i) //o< r c /( s )2 rfs<OO) ^ 





= {pi 


* Po- 


Pi 




Po G £($,)(,}, 


D c ($/) 


= {pi 


* Po- 


pi 




Po6S c ($/)o}, 




= {pi 


* Po- 


pi 


eel 


PoGS) ^}, 




= {Pi 


* Po- 


Pi 




p eft($ f )o}, 




= {Mi 


* Po- 


Pi 






<K°($/) 


= {Pi 


* Po- 


Pi 







(ii) // J C f(s) 2 ds = 00, then D, D e , S)°, 9t, *K e ? and 9t° o/$/ are subclasses of 
I D . 

Proof. Use Proposition 3.18 of [26] and their analogue for improper stochastic inte- 
grals of J Q ° + type, and note Proposition 13.71 above. □ 



14 



4. Domains and ranges of some stochastic integral mappings 

and their conjugates 

We tackle the problem to find explicit description of the domains and the ranges 
of the stochastic integral mappings $ P)Q! , Aq jQ , ^ a ,p, and their conjugates. 

1. $ p , a and its conjugate. Given p > and — oo < a < 2, let a = 0, 6 = 1, and 
h(u) = T(p)-\l - uy-hr^ 1 . Then h satisfies (Ci). We have c = T(\a\)/T(p+ \a\) 
if a < 0, and c = oo if a ^ 0. The mapping is denoted by $ P)Q , as in [26]. It 
is extensively studied in [23] in the notation = ^g-^a,, and in [26]. The classes 
9t(Ah), 9\ e (A h ), and ^K (A/j) are denoted in [26] by Kp )Q! , Kp a , and iC^ a , respectively. 
We have, as s — > oo, 

fexp[C - r(p)s] ifa = 
M J ~ [(ftr^s)- 1 ^ if0<a<2 1 ' 1 

with a real constant C depending on p. If a = 1, then the following more precise 
estimate is needed in the analysis of the domain as in Theorem 4.4 of [26] : 

/(a) = (IXp)*)- 1 - (1 -p)(T(p) S y 2 \ogs + 0(s~ 2 ). (4.2) 

We have a* = 1, 6* = oo, and 

/**(«) = r(p)- x (i - u - 1 ) p - 1 u a+1 - /k = r(p)- 1 ( M - i^-V^- 2 , 

which satisfies (C 2 ). Thus 

(u - iy- l u a - p - 2 du, tG(l,oo), 

c* = = T(2 - a)/T(p + 2- a), 

and f*(s) for s G (0, c*) is the inverse function of For all a G (— oo, 2), 

g.(t) ~ (2 - a)-^^)- 1 *-^, t oo, 

/,( S )~((2-a)r(p) S )- 1 /( 2 - a ), slO. (4.3) 

Notice that J Q C * /*(,s) 2 <is < oo if and only if a < 0. If p = 1, then / and /* are explicit, 
namely, h(u) = w - " -1 , 



;i/a)(r Q -l) ifa^O if«<0 
logt if a = 0, loo if ^ a < 2, 

{(l-Hs) 1 /!"! ifa<0 

e~ s if a = 

(l + as)- 1 /" if0<a<2, 

h*{u) = u a ~ 3 for u G (1, oo) and 

^(t) = (2-a)- 1 r( 2 - a ), c, = (2-a)- 1 , 
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Ms) = ((2 - a) S )-V(2-«) f or s e ( , (2 - a)" 1 ). 

The mapping $ lQ was studied by [91 [TUl [121 US]- If a = —1, then / is explicit again: 
g(t) = T{p + - tf, c = T(p + l)" 1 , and f(s) = 1 - (r(p + l)^) 1 ^. 

In order to describe the ranges, we need two definitions and a proposition. 

Definition 4.1. ([26], p. 7) Let p > 0. A [0, oo]- valued function (p(u) on R [resp. 
IR° = (0, oo)] is said to be monotone of order p on R [resp. if <f(u) is locally 
integrable on R [resp. Rl] and there is a locally finite measure a on R [resp. R+] such 
that 

</?(«) = Tip)- 1 / (r - M) p "V(rfr) for u G R [resp. R° ]. 

J (u,oo) 

A function <£>(u) on R [resp. Rl] is said to be completely monotone on R [resp. Rl] if 
it is monotone of order p on R [resp. R+] for all p > 0. 

Definition 4.2. Let p > 0. A [0, oo]-valued function <p(u) on R [resp. R+] is said to 
be increasing of order p on R [resp. Rl] if (p(u) is locally integrable on R [resp. Ri] 
and there is a locally finite measure a on R [resp. R+] such that 

<p(u) = T( P y l / (u - r) p - l a(dr) for u G R 

J (— oo,w) 

[resp. = T(p)^ 1 / — r) p ~V(<ir) for u G R+]. 
J(o,«) 

A function <p(u) on R [resp. R+] is said to be completely increasing on R [resp. R+] if 
it is increasing of order p on R [resp. for all p > 0. 

Proposition 4.3. Let p > 0. Let ^ e a IP; °°] -valued function on R [resp. 

R+]. Then tp(u) is increasing of order p on R [resp. M.° + ] if and only if (p(—u) [resp. 
n p_1 (/?(n -1 )] is monotone of order p on R [resp. R+]. In other words, is mono- 
tone of order p on R [resp. R+] if and only if ip(—u) [resp. m p_1 (/?(u -1 )] is increasing 
of order ponW [resp. M°A . 

Proof. If ip(u) is increasing of order p on R, then </?(— w) is monotone of order p on R, 
and conversely, since 

^(-u) = T^)- 1 I (-u - r) p -V(rfr) = Tip)' 1 j (r - «) p -V-(dr) 

./ (— oo,— m) J (m,oo) 

with c~(B) = a(—B) for B G £>(R). If ^(w) is increasing of order p on R^_, then 
u p - 1 ip(u~ 1 ) is monotone of order p on R+, and conversely, since 

u^ifiiu- 1 ) = rQo)- V- 1 / (u- 1 - r) p "V(dr) 

= r(p)- 1 / (r - uf-V-v- 1 ^) 

J (m,oo) 
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with a-\B) = J RO+ l B (r- l )a(dr) for B G B(R°). Note that, on M° + , ip(u) = 
u p ~ l (p(u~ l ) if and only if <p(u) = u p ~ 1 ip(u~ 1 ). □ 

Remark. Assume that p is a positive integer and that tp(u) is p times differentiable. 
Then f(u) is monotone of order p on IR [resp. Ri] if and only if (—d/du) n (p(u) ^ 
for n = 1, 2, . . . ,p on R [resp. R+] and as a -> oo; y?(w) is increasing of 

order p on R [resp. R+] if and only if [djdu) n ^> ^ for n = l,2,...,p on R [resp. 
R+] and (p(u) — > as u — > — oo [resp. u — >■ 0]. See Corollary 2.12 of [26] for the proof 
of the first assertion. The proof of the second assertion is given by a modification of 
that of the first. 

A function <p(u) is completely increasing on IR if and only if u) is completely 
monotone on R. If a function (p(u) is completely increasing on R+, then <£>(m _1 ) is 
completely monotone on Ri. However, the converse of the last statement is not true; 
consider tp(u) = u a with a being positive and non- integer. 

We will also use the concepts for p G ID to have weak mean and to have 
weak mean absolutely, introduced in [26]. We say that p G ID has weak mean 
if f^.^xv^dx) is convergent in R d as a — >• oo and if 

p{z) = exp —h(z, A^z) + lim / (e 4 ^ 1 ^ - 1 - i(z, x))ujdx) + i(m«, z) , z G R d . 

If /i G J-D has weak mean m M , then we have = 7 M + lim^oo / 1< ui <a xu^(dx). 
We say that p G J-D has weak mean m M absolutely if p has weak mean and if 
/(ioo) r ^(^ r ) |/s^r(^0| < °°> where (u^dr), X^(d^)) is a spherical decomposition 
of z/^. This property is independent of the choice of spherical decompositions of v^. 
If p G ID has mean m M , then p has weak mean absolutely. 

Now let us give description of the domains and the ranges of $ PiQ , and its conju- 
gate. The results on $ p Q , are already known; our emphasis lies on the counterpart in 
the results on their conjugates. 

Theorem 4.4. Let p > and — oo < a < 2. Let A h = 

(i) The domains and the ranges in the essentially definable sense are as follows: 

{ID ifa<0 
{pe ID: J lx>l log \x\v p (dx) < oo} if a = (4.4) 
{p G ID : f , >l \x\ a Vp{dx) < oo} ifO < a < 2, 

JH e (Aft) = G J-D: z/ M /ias a rac?. dec. (A(g?£), u^^^^k^^du) such that k^{u) 

is measurable in (£, u) and monotone of order p in u G R^_} /or a// a, 

(4.5) 
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£ e (A* 



ID ifa<0 
{p G ID : f lxl<l (-log\x\)\x\ 2 v p (dx) < 00} if a = 



(4.6) 



{p G ID : f . 



<i 



x 



2-a 



v p (dx) < 00} 



ifO < a < 2, 



£H e (A^)o = {|i£ /£*o : ^ a c^ec. (\(d£),u a p 2 k^{u)du) such that k^(u 



is measurable in (£, tt) and increasing of order p in u G IR+} /or a// a, 

(4.7) 



{p x *p : Pi e G° 2 , p G ^ c (A^)o} ^/«<0 
^ e (A^)o ^/0^a<2. 

ii) If —00 < a < 1, then 



2>(A h ) 


= 2)°(A,) 


= 2) C (A,) 


9*(A & ) 


= iH°(A h ) 


= fJf{A h ) 


S)(A*) 


= S°(A*) 


= ® e (K) 




= ^°(A*) 


= WW) 



(iii) If a — 1, then 



®(A h ) 


= {p G £ c (A h ) 


: m, 


2>°(A h ) 


= {p G S) e (A /i ) 


: m / 


JH(Afc) 


= {p G <H e (A,) 


: p 


^°(A,) 


= {p G ^ c (A h ) 


: /1 


©(AJ) 


= {pe 2) (AJ) 


: 7 

"p 


ID°(A*) 


= {P 6 D C (AD 


: 7 

'p 



0, lim f^s l ds f,, >s xv p (dx) exists in W 1 }, 



0, /; 



30 s 1 cis 



i|x|>s XI/ p( rfx ) < °°}> 



0, lim J r s l ds J^ <s xu p (dx) exists in M. d }, 



0, f Q s 1 ds f ]x]<s xisp(dx) < 00}. 



(iv) If 1 < a < 2, then 

2>(A h ) 
*(A h ) 
»(AJ) 
*(AJD 



©°(A fc ) = {p G D c (A ft ) 
<K°(A h ) = {p G jH°(A h ; 
D°(A^) = {p G 2) e (A*,) 
$K°(A*) = {p G 9T(A*; 



p has mean 0}, 
p /jas mean 0}, 
p /ias G?n/i 0}, 
p /ias dn/t 0}. 



(4- 



(4.9) 
(4.10) 
(4.11) 
(4.12) 

(4.13) 

(4.14) 
(4.15) 
(4.16) 
(4.17) 

(4.18) 

(4.19) 
(4.20) 
(4.21) 
(4.22) 



Remark. The expression (14.71) can be replaced by the following: 

D\ e (A* h )o = {p G IDq: Up has a rad. dec. (A(d£), u a " 3 ^(u _1 )(iu) such that fcf(v) 
is measurable in (£, t>) and monotone of order p in v G 1R^_} for all a. (4.23) 

Remark. Description of 9t(A£) and £H°(A£) in case a = 1 for A h = <& pa will be given 
in another paper [28] . 



18 



Proof of Theorem \4.4\ All assertions concerning are known; see (Theorems 
4.2, 4.15, 4.18, and 4.21) and also [23J together with (EQ) and (H~2]) . Then, applying 
Theorem 13.61 we obtain all results on the domains and the ranges of A^ intersected 
with ID . Thereafter use Proposition 13.81 to remove the restriction to ID , recalling 
that Jq f(s) 2 ds < oo for all a and that J Q C * f*(s) 2 ds < oo if and only if a < 0, from 
< tO) and fO]) . The details of the proof of fHTTjl . and (14TT8]) are as follows. 

Let us show (14. 7p . Assume /i G ^H e (A fe ) . Then /i' e D\ c (A* h ) Q from Theorem E 
and, since 

v^B) = / A(dO / lB(^)«- a_1 A:e(«)d« 
with /^(li) monotone of order p in « 6 R+, we have, from (11.11) . 

v il ,{B)= \ \{di) \ l B (u- l 0u 1 - a k^u)du= / A(df) / lsKK -3 **^ -1 )^ 
is </o is 1 </o 

/■oo 

A(^) / IbKK^V- 1 ^- 1 )^- 



Hence, exchanging the roles of /z and /i', we see from Proposition 14.31 that 9^ e (A^) 
is a subclass of the right-hand side of (14.71) . Similarly we can prove that £H e (A^) 
includes the right-hand side of (14. 7p . 



To prove IKWi and fOSjl . notice that 



m, 



s l ds I xu p (dx) 

! </M>S 



|x|- 1 >s 

1 

s 



|x| 2 x\x\ 2 v p i(dx) 



x\<s 



_1 ds 



and similarly 



and apply Theorem 13.61 



rr 








j s^ds 


/ xup(dx) 


= s ds 


/ xv p i [dx) 




J\x\>s 


Jr- 1 


J\x\<s 



□ 



2. Aq a and its conjugate. Given q > and — oo < a < 2, let a = 0, b — 1, 



and h{u) = T(q) x (— logw 



q-l u -a-l 



. Then /i satisfies (Ci). We have c 



if 

a < 0, and c = oo if a ^ 0. The mapping is denoted by A q>a , as in [26J; there it 
is extensively studied. The classes 9\(A h ), 9\ e (A h ), and fR°(Ah) are denoted by L q ^ m 
L e q a , and L° q a , respectively. It is known that A gi+g2jQ = A g2iQ ,A 9liQ! for We have 

f(s) = exp[-(r(g + l)s) 1/q ] forsG(0,oo) if a = 0, (4.24) 

f(s) ~ («r( 9 )s)- 1/a («- 1 log s) ( "- 1)/a , s ^ oo, if a > (4.25) 

(Proposition 6.1 of [26]). We have a* = 1, 6* = oo, and 

h*{u) = r^-^logM)^ 1 ^" 3 , 
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which satisfies (C 2 ). Thus 

POO 

g,(t) = T(q)- 1 / v^e-P-^dv, t G (1, oo), 

Jlogt 

c* = <?*(1+) = (2-a)~\ 
and f*(s) for s G (0, c*) is the inverse function of <?*. For all a G (—00, 2) we have 

g m {t) ~ (2 - a)- 1 r(g)- 1 r( 2 - a )(logt)^ 1 , t -> 00. 
It follows from this that 

/*(s) ~ (2 - a)-«/( 2 - a )(r(g)s)- 1 /( 2 -«)(-lo gs )(9-i)/(2-a) ) s ; . (4.26) 

The proof is left to the reader. Again notice that J Q C * f*(s) 2 ds < 00 if and only if 
a < 0. If q — 1, then Ai jQ , = $i iQ ,. If a = 0, then A^o with g = 1, 2, . . . coincides with 
the mapping introduced by [7]. 

Theorem 4.5. Let q > and —00 < a < 2. Let A ft = A gjQ ,. 

(i) TTie domains and the ranges in the essentially definable sense are as follows: 

{ID ifa<0 
{pelD: f ]x>1 (]og\x\)*v p (dx) < 00} if a = (4.27) 

{pelD: f ]a>2 Qog\x\y-^x\ a v p (dx) < 00} ifO < a < 2, 

!EH C (A^) = {|i£ ID: z/ M /ias a rad. dec. (A(d£), ^""^(logt^dw) sitc/i £/ta£ h^(y) 

is measurable in (£, y) and monotone of order q in y G R} for all a, 

(4.28) 

{ID if a < 

{pG /£><,: r w<1 (-log|x|)^|x| 2 z/ p (dx) < 00} z/a = 

{pG /£>„: i /j :E|<1/2 (-log|x|)?-V| 2_Q ^W < 00} ifO < a < 2, 

(4.29) 

9t c (A£)o = {/i£ d_D : v n aas a ra d- dec. (\(d^),u a ~ 3 h^{logu)du) such that h^(y) 

is measurable in (£, y) and increasing of order q in y G R} /or a// a, 

(4.30) 

^ efAn = f{Mi*^o: /ii e 6°, po e 01 c (A;)o} z/a<0 

1 h) l^ e (A*) ifO ^ a < 2. 1 ' J 



(ii) 7/ — 00 < a < 1, then we have the same assertion as in (ii) of Theorem 

(iii) If a = 1 and q ^ 1, then 

D(A h ) = {p G S) e (A^): m p = 0, lim f ^ (log s) 9 ' 1 ds f,, >a xu p (dx) exists in R d }, 

(4.32) 

®°(A h ) = {p G D c (A ft ): m p = 0, /^(log s)^^" 1 ^ f,, >s xu p (dx) < 00}, (4.33) 
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S)(A*) = {pe £ C (A*): 7° = 0, ton J r \- log s^s^ds J ]xl< xu p (dx) exists in R d }, 

(4.34) 

D°(Al) = {pe^(Al): 1 ° p = 0, ^(-log^-^l^x^)! <oo}. (4.35) 

(iv) If 1 < a < 2, then we have the same assertion as in (iv) of Theorem \4-4\ 

Remark. In the case A h = A q ^ a , we do not know how to describe D(A h ) , 2}°(A/j) , 
D(A* h ) , and D°(A^)o for a = 1 and < q < 1, and 9K(A h ) , WP(A h )o, ^(A* h ) , and 
^(A^q for a = 1 and q ^ 1. If a = 1 and 9 = 1, then Ai 5 i = <5i ; i and Theorem 14.41 
applies. 

Proof of Theorem \4-5[ This is proved similarly to Theorem 14.41 That is, start from 
the fact that all assertions concerning A^ are known in [26] (Theorems 6.2, 6.3, 6.9, 
and 6.12). Notice that J Q C f(s) 2 ds < oo for all a and that J Q C * f*(s) 2 ds < oo if and 
only if a < 0, from (14^241) - fl4T26l ). □ 

3. ^ a ,/3 and its conjugate. Given — oo < a < 2 and > 0, let a = 0, b = oo, and 
/i(u) = u~ a ~ 1 e~ u ' 3 . Then /i satisfies (Ci) and g{t) = (3^ 1 v~ a ^ 1 ~ 1 e~ v dv. We have 
c = (3~ 1 T(\a\f3~ l ) if a < 0, and c = oo if a ^ 0. The mapping A^ is denoted by ^a,p 
as in [331CE7]. As U 0, 



9(t) 

Hence, as s — > oo, 



-log£ + C + o(l) with some C G K if a = 
a- 1 r a (l + o(l)) ifa>0. 



f(s)~<: , u ° (4.36) 

^ as)- 1 / ifa>0. V ; 




If a = 1, then more precisely 

ft- 1 + 0(1) if/3>l 
<?(*) = <r 1 + logt + 0(l) if = 1 

[t 1 - (1 - ^)- 1 t' 3 - 1 (l + o(l)) if < /? < 1. 

as t 4- an d ^ follows that 

fs^ + O^- 2 ) if/3>l 
/(s) = < s- 1 -s- 2 logs + 0(s- 2 ) if = 1 (4.37) 
(s- 1 + Ois-P- 1 ) if0</3<l 

as s -)• oo. We have a* = 0, 6* = oo, and /i*(w) = u a ~ 3 e~ u 13 , which satisfies (C2). 
Thus, = p- 1 jl''' v^^^e^dv for t G (0, 00) and c* = /3" 1 r((2 - a)^ 1 ); 

f*(s) for s G (0, c*) is the inverse function of 9*. We have, for all a and 0, 

g*(t) ~ (2-a)- 1 r( 2 - a ), t^oo, 
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/,(*) ~ ((2 - a)sr^ 2 - a \ a ±0. (4.38) 

Letting g a ^ and f a ^ denote the function g and /, respectively, for given a and (3, 
we have g a ,p(t) = P^ga/p.ii^) and f a ,p( s ) = fa//3,i((3s) 1/l3 . If (3 = 1, then * a>1 
equals ^ a studied in [231125]. In [26] the classes 9t(# a ,i), ^ e (^«,i), and 9t°(* a ,i) are 
shown to be equal to if^ = flpx^jw ^»,a = r\ P> o K p,a> and K£, >a = C\p>o K p, a , 
respectively. If (3 = 1 and a = —1, then f(s) = — log s for < s < 1 and ^-1,1 equals 
T studied in [HE]. lfa = -/3, then f(s) = (- log /3s) W for < s < 1/(3 and tf.^ 
was treated in [1]. If a = and (3 = 2, ^0,2 w as studied in [3]. 

Theorem 4.6. let -00 < a < 2 and (3 > 0. Let A fe = ^ a ,p- 

(i) TTie domains and the ranges in the essentially definable sense are as follows: 

{ID %fa<0 
{pelD: J lx>1 log \x\u p (dx) < 00} ifa = (4.39) 
{p E ID: L x \ >1 \x\ a Up{dx) < 00} z/0 < a < 2, 

9\ c (Ah) = {p G JD: ^ /ias a rati. dec. (X(d^),u~ a ~ 1 k^(u l3 )du) such that k^(v) 

is measurable in (£, i>) and completely monotone in v G for all a, 

(4.40) 

{ID ifa<0 
{peID : J lxl<1 (-log\x\)\x\ 2 u p (dx) <oo} z/a = (4.41) 
{p G J-D : JL^iM 2- " 1 ^^) < 00 } if0<a<2, 
9^ e (AjQ = {/i G /-Do : ^ has a rad. dec. (X(d^),u a ~ 3 k^(u~ l3 )du) such that k^(v) 

is measurable in (£, i>) and completely monotone in v G IR1} /or all a, 

(4.42) 

m c fAn = J^ 1 *^ //1 G 6 2> ^0 G9T(A*) } ^/«<0 

1 ^ \<K e (A*) ifO < a < 2. 1 ' J 

(ii) Concerning D , l D°, d\, andDl of Ah and A* h , the statements in (ii), (iii), and 
(iv) 0/ Theorem \4-4\ are t rue word by word. 

Remark. Description of 9t(A£) and 9^°(AJj) in case a = 1 for A h = ty a ,p will be given 
in another paper [28] . 

Proof of Theorem \4.6[ Concerning the domains of A^ and A h , the proof is the same 
as Theorem 14.41 The ranges of A^ are given in [23] and [26] (Theorems 5.8 and 5.10) 
in case (3 = 1 and treated in Theorem 2.8 of [13] for a < 1 and (3^1. To deal with 
JH(Afc) and ^(A/j) in case 1 ^ a < 2 with ^ 1, we can extend the method of the 
proof of Theorem 5.10 of [26]. The assertions on the ranges of A h are proved from 
the assertions on A^ in the same way as in the proof of Theorem 14.41 □ 
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Maejima and Ueda [16] introduced the class and showed its connection to 
9\ c (A h ) with Ah = A l a = $i, a . In the rest of this section we introduce a class Z,w* 
and study its connection to £R e (A^) with A^ = Ai iQ = $i )Q: . The definition of L^ a > in 
[16] is as follows. A distribution fi G ID is called a-selfdecomposable with a G R if, 
for any b > 1, there is p& G LD satisfying 

/2(z) = //(r^) 6a p 6 (z), ^ G R d . (4.44) 

The totality of a-self decomposable distributions on 13L d is denoted by L^ a ' . The 0- 
selfdecomposability coincides with the selfdecomposability. The paper [16] treated 
distributions in Lw systematically. Earlier this class was studied by Jurek [91 [10] 
and others in 1970s and 80s and also in [12J; see references in [16J. The following 
properties of are known. 

(i) G L^ a > if and only if, for any b > 1, — b a ~ 2 A^ is nonnegative-definite 
and Up ^ b a T b -iu IM . 

(ii) If /ii,/i 2 G L <Q> , then /i!* ^ 2 G L <a> . 

(iii) If \i G L <Q> , then /i s G L <a> for s > 0. 

(iv) If a x < a 2 , then D i> 2 > . 

(v) n/,<a^ = ^ o> - 

(vi) If a > 2, then L< a > = {<5 C : c G 

(vii) = & 2 , the class of 2-stable (that is, Gaussian) distributions. 

(viii) If < a ^ (3 < 2, then contains all /3-stable distributions. 

(ix) If < (3 < a < 2, then does not contain any non-trivial /3-stable 
distribution. 

(x) Let — oo < a < 2. Then /j G L^ a ' if and only if has a radial decomposition 
(X(d^),u~ a ~ 1 k^(u)du) such that fc^(it) is measurable in (£, «) and, for A-a. e. 
£, decreasing on in w. 

(xi) If a ^ 0, then Z>> = JR?(Ai >a ). 

(xii) If < a < 2, then /x G if and only if /i = fj, * ix\ where fio G £H e (Ai jCf ) 
and /ii is a-stable. 

Definition 4.7. Let aGl The class L^* is the totality of jj, e ID such that, for 
any b > 1, there is cr& G J-D satisfying 

/2(z) = fi(bz) ba ~ 2 a b {z), z G R d . (4.45) 

Proposition 4.8. Let a G R. TTie c/ass L' a '* /tas t/ie following properties. 

(i) /j G LW* «'/ and on/y i/ ; /or any 6 > 1, — 6 a A M zs nonnegative-definite and 

(ii) //Mi,/x 2 e L< a >*, then fi! * fi 2 e L^* . 

(iii) J//i G L <a) *, tfien /i s G /or s > 0. 

(iv) //«! < a 2 , tfien D Z> 2 K 
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(v) n, <a L w * = L^. 

(vi) If a > 2, tfien L< a >* = {5 C : c G 

(vii) lfa>0, then L<«>* C LD - 

(viii) L<°>* D 6 2 . 

(ix) If0<a^/3<2, then L' a '* contains all (2 — (3) -stable distributions. 

(x) If0<(3<a<2, then L^* does not contain any non-trivial (2 — (3) -stable 
distribution. 

Proof is straightforward. 

Theorem 4.9. Ze£ a£l and let fi G ID . Then it G if and only if fi' G L^* . 

Proof. Assume that /i G Lw, Then /x = (T^-i/i) 6 " * p&. Using Proposition 12. 4[ we 
obtain fi' = ((T b -iLi)') ba * p' b = (T b (Li')) ba ~ 2 * p' 6 - Hence //' G Z>>* with <r b = p' b . In a 
similar way we can show that n' G L (a) * implies \i G L <a) . □ 

Notice that, for a = 0, Theorem 14.91 gives a characterization of the inversions of 
selfdecomposable distributions in ID in terms of a new kind of decomposability. 

Proposition 4.10. Let — oo < a < 2 and fx G ID . Then ll G L' a '* z/ and on/?/ z/ 
i/^ /ias a radial decomposition (X(d^),u a ~ 3 k^(u)du) such that k^(u) is measurable in 
(£,u) and, for X-a. e. £, increasing in u G W + . 

Proof. Using Theorem 14.91 and property (x) of L^ a \ we can prove the assertion simi- 
larly to the proof of (14. 7p . □ 

Proposition 4.11. Ifa<0, then L< a > = 9T(A^J. If0^a<2, then \x G L <a> * if 
and only if fi — p * pi where fio G £H C (A^ Q ) = £H C (A^ Q ) and pi zs (2 — a) -stable. 

Proof. Combine properties (xi) and (xii) of L^ a > with (iii) of Theorem 12.51 (13. lip of 
Theorem 13.61 0) of Theorem I4.5[ and Theorem 14.91 □ 

5. Similar results in other cases 

The definition of the conjugates of stochastic integral mappings $/ is restricted 
to the case where / is a positive function satisfying some condition. We do not know 
how to define conjugates of general stochastic integral mappings. But we can obtain 
similar results in a case where / takes positive and negative values both. 

Definition 5.1. A function h is said to satisfy Condition (D) if h is defined on M\{0}, 
positive, and measurable, and 



h(u)(l + u 2 )du < oo. (5.1) 
For any function h satisfying Condition (D), define h*(u) = h(l/u)/u A for u G R\{0}. 
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Proposition 5.2. If h satisfies Condition (D), then h* satisfies Condition (D) and 



Then gnit) is strictly decreasing continuous function with gh(-oo) < oo and gh(oo) = 
0. Let Ch = gh(-oo). Hence Ch < oo. Define fh(s) as 



Then fh(s) is a strictly decreasing, continuous function with fh(0+) = oo and 
fh( c h~) — — oo, and f Q Ch f h (s) 2 ds = J R ^ Q yU 2 h(u)du < oo. The improper stochas- 
tic integral lim P i 0:q ^ Ch fh(s)dXs is convergent in probability for all p G ID, as is 
proved in Theorem 6.1 of [23]. The distribution of this improper stochastic integral 
is denoted by A h p. We have D(A h ) = ID; there is no need to consider essentially 
definable case. We have J Q Ch \ log p(fh(s)z)\ds < oo for all p G ID, that is, A h p is 
absolutely definable for all p G ID (see Theorem 6.1 of |25j). It is easy to see that 
Ahp G I Do if and only if p G IDq. 

Definition 5.3. If h satisfies Condition (D), then Ah* is called the conjugate of A^. 
Write A* h = A h *. 

It follows from Proposition 15.21 that the conjugate of A k is A^. 

Theorem 5.4. Let h be a function satisfying Condition (D). Let p and p be in ID . 
Then A h p = p if and only if A* h p' = p! . Consequently, £H(A£) = (9^(A/ l )o) / . 

Proof. We proceed as in the proof of Theorem 13. 6[ But this time we have to be careful 
as u and 1/u are discontinuous at and fh(s) and fh*{s) take positive and negative 
values. Details are omitted. □ 

Example 5.5. Let h(u) = (2n)- 1/2 e~ u2 /2 for u G E\ {0}. Then h satisfies Condition 
(D) and h*(u) = (27r)- 1 / 2 e- 1 /( 2 " 2 )(l/n 4 ) for u G 1R\ {0} and c h = 1. Let ID^ m denote 
the class of symmetric infinitely divisible distributions on M. d . Then 

£K(A/j) = {p G ID sym : has a rad. dec. (A(d£), k^{u 2 )du) such that k^(v) is 

measurable in (£, i>) and, for A-a. e. ^, completely monotone in v G 

This is essentially a result of [2} [H]. The class ^(A^) is identical with the class of 
type G distributions on M. d of Maejima and Rosihski [14J. Then, Theorem 15.41 and a 
discussion similar to the proof of Theorem 14.61 show that 



5K(A*) = (9t(A ft ) )' = {pe ID s Q ym : Up has a rad. dec. {\{d^), U -%{u- 2 )du) such that 



(/i*)* = h. 

Proof is straightforward. 

Let h be a function satisfying Condition (D). Let 




t G M. 



(5.2) 



s = with — oo < t < oo <^ t = fh{s) with < s < c^. 
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k^(v) is measurable in (£, t>) and, for A-a. e. £, completely monotone in v G 

For fM G I-D let po and /ii denote the infinitely divisible distributions with triplets 
(0,^,7^) and (A M ,0, 0), respectively. Then we have 

m(A* h ) = {fi G LD sym : /i = //i *// with ^ G ©£, p G ^K(A*) } 

similarly to Proposition 13. 8[ since < fh*(s) 2 ds < oo. 

6. Limits of some nested classes 

Let us make a study of the limit of the ranges of the iterations of and A£. 
The iteration of a stochastic integral mapping $/ is defined as $J- = $/ and 
$™ +1 p = $ f ($p) with 2)($™ +1 ) = {p G £($?): ®]p G £>($/)}. We have ID D 
JK($/) D <H(<£^) D .... The limit class is denoted by «Koo($/) = fC=i^( $ /)- In 
the case where A h equals $ p , a , A g>ct , or \I/ ai/ 8, the description of 9^ (A h ) is studied in 
[D [151 13 HI [201 [261 127]. In [27] it is obtained for a G (-oo, 1) U (1, 2), p > 1, q > 0, 
and (3 = 1 and for a = 1, p ^ 1, q = 1, and (3 = 1; now we want to describe Dt^AjQ. 
We will see new classes appear as £Hoo(A^) for some parameter values. We are also 
interested in finding what parameters are relevant. It will be shown that only the 
parameter a is relevant and the parameters p and q are irrelevant. 

We need the class in the study of 9 c l 00 ($/). It is the class of completely 
selfdecomposable distributions on M. d , which is the smallest class that is closed under 
convolution and weak convergence and contains all stable distributions on M d . A 
distribution // G ID belongs to if and only if is represented as 

v„{B) = / T,(d(3) / A£(df) / IsirOr-^dr, B G B(R d ), (6.1) 

J(0,2) JS Jo 

where is a measure on the open interval (0, 2) satisfying Jj Q 2 A(3~ l -\-{2— (3)~ l )Y ^(dfO) 
< oo and {A^ : (3 G (0, 2)} is a measurable family of probability measures on S. This 
is uniquely determined by and {A^} is determined by up to (3 of T^-measure 
0. For a Borel subset E of the interval (0,2), the class denotes the totality of 
jj, G Lqo such that V ^ is concentrated on E. The class L^' 2 ^ for < a < 2 appears in 
HS1 ESI EI] in the description of 9*oo($/) for some /. We will use (L^o = fl IZ> 
and (Oo = l£ n JD . 

Proposition 6.1. let E G #((0,2)). let 2 - E denote the set {2 — (3: (3 E E}. let 

/i G (Loo)o- T/ien p G if and only if fi' G L 2 ^ E . 

Proof. Assume that /i G l£. Then r M ((0, 2) \ £) = 0. Define r"(F) = / (0 2) 1 F (2 - 
/3)r M (rf/3) for F G B((0, 2)). Then /^(/T 1 + (2 - (3y l )T\d(3) < 00 and T»((0, 2) \ 
(2 - E)) = 0. For 5 G £(M d ) we have, from (JXTTJ) and (jBTTjl . 

zy(5) = / r M (d/3) / A£(d£) / l B (r- 1 0r-^ +1 dr 
Jb js Jo 



2(i 



ryd/3) / A£(dO / i B «)^- 3 du 

E JS JO 

p poo 

U- E (P)r\dp) / \$_ p (dO / lsiuOu-^du. 

(0,2) JS JO 

Therefore p! G L 2 ^ E . Now it is automatic that p! G -^^^ implies /x G L^,, since 
p!' = /i. □ 

Proposition 6.2. Lei h be a function satisfying Condition (C). Let n be a positive 
integer. Let p G /-Do- T/ien 

p G D (A£) and A^p = p 

if and only if 

p'GlD((A*r) and (A*) V = //. 
I7««, D((A*)«)o = CD(AJi)o)' and «H((AJt)») = (W(Ajf)„)'. 



Proof. Using Theorem 13.61 we can show the assertion by induction in n. □ 

Theorem 6.3. Let h be a function satisfying Condition (C). Consider Ah and A* h . 
Then 

^oo(A*)o = (JMAjOo/. 
Proo/. It follows from ^K((A^) n ) = (^(A£) )' that 

oo oo / oo \ 

^(ajoo = n ^(( A ^) n )o = n = n w« = pw w. 

n=l n=l \n=l / 

completing the proof. □ 

Theorem 6.4. Let Ah be one of $ PjQi , A 9iQ , and T/ie classes Dl^Ah) and 

9^oo(A^) are as follows. 

(i) lfa<0,p^l,andq> 0, then ^(A h ) = ^(A*) = L^. 

(ii) // ^ a < 1, p ^ 1, and q > 0, then 

^(A h ) = L^ 2 \ ^oo(K) = (L^) . 

(iii) If a = 1, p ^ 1, and q—\, then 

9^oo(Ah) = L^ 2 ^ D {p G ID: /i has weak mean 0}. 

(iv) If 1 < a < 2, p ^ 1, and q > 0, then 

^oc(^h) = L { °' 2) (~){p E ID: p has mean 0}, 
^oo (A*) = (L£ 2 - a) ) H {/i G I D : p has drift 0}. 
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Proof. All results on ^^(A/j) are given in [27]. Hence, using Theorem I6.3j we see from 
Propositions |6JJ and |2JJ (v) that SHo^AjQo equals (LooV (L^ 2 c * > ) , or 
{/i G ID : fi has drift 0} in (i), (ii), or (iv), respectively. 

Let us prove (i). Note that < j^ h * fh*(s)ds < oo. In general, we can prove 
9t($?) = {//a * // : /ii e e° 2 , //„ E *H($/)o} and = {m * /^Q : A*i £ ©2, e 

fHoo($/)o} in (i) of Proposition 13. 8[ repeating the same argument. Hence fR 00 (A^ l ) = 

Proof of (ii) and (iv) is as follows. In this case we have Jq H * fh*(s) 2 ds = oo. 
Hence ^^(A^) C ID Q , as in (ii) of Proposition I3TH1 □ 

Remark. A supplement of Theorem 16 .41 (hi) for ^^(Ajlj) will be given in [2S]- Theorem 
16.41 does not cover ^ a ,/3 with /3 ^ 1, because we rely on the results of [27]. However, 
using the result of [17], we can extend Theorem 16.41 to some of ^ a ,j3 with (3^1. 

Acknowledgments. The author thanks Makoto Maejima, Yohei Ueda, and an anony- 
mous referee for their valuable advice on improvement of the paper. 
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